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We derive the equations that govern neutrino and antineutrino behavior in the early Universe. Re-
sults are presented from numerical simulations incorporating nonlinear effects of the neutrino-
antineutrino background as well as the leading CP-symmetric and CP-asymmetric terms arising from the
interactions with electrons and positrons. A broad spectrum of neutrino and antineutrino behavior is
observed, ranging from vacuumlike to smooth. Oscillations exhibiting self-maintained coherence also
appear. We identify a variety of neutrino properties arising as a consequence of the nonlinear neutrino
self-interactions. The nonlinear effects tend to suppress any CP asymmetry relative to the linear case.
An analytical approximation scheme reproducing bulk neutrino behavior is described. We discuss some
physical implications of our results.
PACS number(s): 95.30.Cq, 12.15.Ff, 14.60.Pq
I. INTRODUCTION
In the standard cosmological scenario [1], the early
Universe at about a tenth of a second consisted principal-
ly of a hot gas of photons, electrons, neutrinos, and their
antiparticles in approximate thermodynamic equilibrium
at a temperature of about 10 MeV. As the Universe ex-
panded and cooled, the neutrino interaction cross sec-
tions decreased until, at a temperature of about 2 MeV,
the neutrino component of the gas decoupled thermally.
Subsequently, the electrons and positrons annihilated,
thereby reheating the photons relative to the neutrinos.
The annihilation also slightly reheated the electron neu-
trinos relative to the muon or other neutrinos, resulting
in an electron-neutrino excess of about 1% [2,3].
Despite being decoupled from the photons and other
leptons, neutrinos influenced nucleosynthesis through
neutrino-nucleon interactions until the temperature
dropped by about another factor of 2 and attained the
"freeze-out" point Tf =0.7 MeV where neutrinos ceased
to affect the neutron-proton ratio [4,5]. Subsequently, the
primary cosmological role for neutrinos came through
their contribution to the energy density of the Universe,
which controlled the expansion rate. From the moment
of decoupling to the present day, neutrinos evolved ac-
cording to a Fermi-Dirac distribution, modulo distor-
tions at the 1% level due to the electron-positron reheat-
ing. A Cosmic Background Explorer —(COBE-) type ex-
periment able to detect the cosmic neutrino relic should
therefore reveal a Fermi-Dirac distribution with a 1%
distortion at a temperature of about 2 K. Today, there
are about 10 relic neutrinos per cubic meter.
This canonical picture assumes that the standard elec-
troweak model holds exactly. In particular, neutrinos are
taken to be massless, purely left-handed Dirac particles.
The known sensitivity of nucleosynthesis to neutrino
*On leave of absence from the City College of New York.
types and properties and the likely sensitivity of other po-
tentially measurable quantities, such as the cosmic-
neutrino relic [6], dark matter, or large-scale structure,
suggests the early Universe can serve as a probe of non-
minimal electroweak physics.
In this paper, we consider effects arising in the early
Universe from a particular extension of the minimal stan-
dard model. We assume the existence of right-handed
neutrinos and corresponding neutrino Dirac masses. We
suppose that the neutrino masses are small relative to the
mean neutrino energy during the relevant time period, so
that we work in the neutrino relativistic limit.
New effects can appear in principle as a result of the
additional degrees of freedom and also from the possible
presence of neutrino oscillations [7]. Since no net flavor
change can occur if the numbers of electron and muon
neutrinos are equal, oscillations can only play a role in
changing the net electron-neutrino excess. Nonetheless,
this leaves open the possibility in principle that neutrino
oscillations could produce measurable effects on nu-
cleosynthesis or other observable physics [8—12]. A
comprehensive analysis of this issue is diScult because
the electron-neutrino excess depends on interactions with
background fields, including the neutrinos and antineutri-
nos themselves. As we discuss below, the neutrino-
antineutrino background can be the dominant effect.
One goal of this paper is the characterization of neutrino
and antineutrino behavior in this nonlinear situation.
The nonlinearity of neutrino oscillations in a dense
self-interacting neutrino gas has been addressed by
several authors [8,13,14]. The correct form of the self-
interaction [15,16] and a scheme for treating the analyti-
cal complications involved [17] have been developed only
recently. In an earlier work [18],we presented the equa-
tions governing the neutrino-antineutrino behavior in the
early Universe, incorporating the nonlinear effects of the
neutrino-antineutrino background as well as dominant
and subdominant effects due to electrons and positrons.
We also outlined some results of our numerical simula-
tions to study the general behavior of neutrinos and an-
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tineutrinos in this system.
The present work extends this analysis and provides a
more detailed study of the system. For simplicity, we
consider a two-flavor model, taking one neutrino to be v,
and denoting the other by v„(although the latter could
represent v, instead). The corresponding vacuum masses
m, and m2 are taken to satisfy m& &mz. These choices
simplify the parameter space and avoid various complica-
tions such as those arising from CP violation in the neu-
trino mixing matrix. Thus, the CP asymmetry that ap-
pears in our analysis has its origin in the small excess of
electrons over positrons in the Universe. Similarly, we
disregard any differences in the number and energy distri-
butions between the neutrinos and the antineutrinos. As
is discussed below, even within these simplifying assump-
tions, some interesting effects in flavor physics appear.
These have their origin in the nonlinear nature of the
problem.
The behavior of a particle of energy E and momentum
magnitude p propagating in background fields can be de-
scribed via an index of refraction n, given by E,tt=np,
where E,ff is the effective particle energy including the in-
teraction energy with the background fields. For a single
relativistic neutrino of mass m and specified helicity in
vacuo, n =1+m /2p . With two flavors each of two hel-
icities and antiparticles included, the refractive index be-
comes an 8 XS matrix. In the presence of a background
of electrons, positrons, neutrinos, and antineutrinos, this
matrix is modified by the addition of a term representing
an expectation of the interaction Hamiltonian in the
background. Since only the left-handed neutrinos and
right-handed antineutrinos participate in the weak in-
teractions and since different flavors have different
behavior, the early Universe is effectively a birefringent
medium for neutrinos and antineutrinos. The self-
interactions imply that the birefringence is nonlinear. In
effect, this paper characterizes a range of neutrino and
antineutrino behavior arising from the nonlinear
birefrin gene e.
In Sec. II, we discuss the analytical form of the equa-
tions governing neutrino and antineutrino behavior in the
early Universe, both in the usual Dirac form and in a
density reformulation that we have found more con-
venient to implement in the simulations. Some details of
our numerical methods and more information on our as-
sumptions is provided in Sec. III. The results of the
simulations and a description of the general neutrino
behavior observed and properties exhibited is given in
Sec. IV, along with an analytical approximation scheme
for reproducing the gross features of the neutrino
behavior. Section IV also includes a separate discussion
of the CP asymmetry, which in principle can affect nu-
cleosynthesis or other observable physics. We conclude
in Sec. V. For the convenience of the reader, any new
phrases or terms we introduce to denote specific neutrino
behaviors or properties are written in italics. .where they
appear for the first time.
II. EQUATIONS
In this section, we present the analytical form of the
equations we used to describe the behavior of neutrinos in
the early Universe. Section II A outlines a derivation of
the equations describing neutrino oscillations in back-
ground lepton fields. Section II B discusses a reformula-
tion of the results that we have found more useful for nu-
merical work.
A. Oscillation equations
With the standard assumption of spatial homogeneity
and isotropy on the scale of the Hubble volume, the early
Universe can be described by the Robertson-Walker
metric. At times of interest for our analysis, of order one
second or greater, any contribution from the intrinsic
curvature is negligible. The effective metric then takes
the form
ds =dt —a (t)dx
where the time dependence of the scale factor a(t) is
governed by the Einstein e uations. For a radiation-
dominated Universe, a(t) ~ t.
As the Universe expands, it cools. The ambient tem-
perature T~ of the gas, taken as the photon temperature,
is related to the scale factor a by Tr ~(g, a ) '~. The
quantity g, measures the number of effectively massless
degrees of freedom. During the radiation-dominated
phase, the photon temperature as a function of time is
given by
45 I
16m GNg, v t
(2)
where Gz is Newton's gravitational constant. Prior to
the neutrino decoupling, g, =10.75 and the neutrino
temperature T =T~. After decoupling and electron-
positron annihilation, g, =3.36 and T,=( —,' )' Tr. The
combination of the change in g, and the photon reheat-
ing means that it is approximately correct to use Eq. (2)
with g, =10.75 for the neutrino temperature throughout
the radiation-dominated era, even after the electron-
positron annihilation. In what follows, we denote the
neutrino temperature by T for convenience.
The detailed behavior of neutrinos in the early
Universe is governed by a Dirac equation appropriate for
the Robertson-Walker metric. The main effects arise
from the expansion of the scale factor. Intrinsic quanti-
ties such as particle number or masses are unaffected by
this, but extrinsic ones must be scaled with the comoving
volume. For example, number densities scale as a
while momenta p scale as a '. Since the relation
E =p +m holds, the energy of relativistic particles
effectively also scales as a
The presence of the non-Minkowski metric also in-
duces several smaller effects that can be neglected for our
purposes. For example, the Dirac spin connection has
nonvanishing contributions only from terms that contrib-
ute proportional to the Hubble constant H=a /a, which
at a temperature of about T-1 MeV has a magnitude of
order 10 MeV. This means the spin connection can be
safely disregarded for values of the neutrino mass param-
eters we consider.
We are interested in the weak interactions of neutrinos
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with other leptons and with themselves. The effective
Hamiltonian governing these processes is a sum of lead-
ing terms from charged and neutral current processes:
H=H, +8„+. (3)
GF ver.Hett= ~ (V,L, V„L)(M~+M +bMf )dP Vpi (6)
The vacuum-mass contribution M is given by
where the ellipsis represents higher-order terms in the
Fermi constant GF arising from the expansions of the W
and Z propagators. In terms of the fields e, p, v„andv„,
respectively, denoting the electron, the muon, the elec-
tron neutrino, and the muon neutrino, the explicit form
ofH, is
H, =2 2GF(eLY eLveLy2V L+ITLY pLvpLY2vpL } (4}
where a superscript L on a fermion denotes the applica-
tion of the left-handed projector (1—y5)/2. The explicit
form of the relevant terms in H„is
H = 2GF(v Ly V LV Ly2V L +V Ly v~LV~Ly2V L
+27«yv, L VOL y2,VIeL ) .
To lowest order in GF, quadratic contributions to the
neutrino effective Hamiltonian H,z arising from the pres-
ence of background fields can be obtained by replacing
pairs of fields in the interaction Hamiltonian H with ex-
pectation values. Spatial homogeneity and isotropy im-
plies that only the timelike component of these four-
vector expectations are nonzero. The resulting neutrino
effective Hamiltonian including the vacuum-mass terms
can be written in terms of a 2 X 2 matrix
M =M~ +Mb+M fd.
(eLyoeL) =n n—+= ,'—(n n—+} .eL e& 2 e e
Finally, the contribution Mfd represents flavor-diagonal
terms that are irrelevant for oscillations and are disre-
garded henceforth. In addition to the latter, we have also
omitted contributions from the expectation (pLyuuL )
because this represents the muon-antimuon number-
density difference, which is negligible since the muons an-
nihilate at temperatures at least an order of magnitude
greater than those relevant for our study.
Equation (6) suffices for the description, exact to order
GF, of neutrino propagation in the early Universe. Con-
tributions at higher order in GF appear from two sources.
One is higher-order neutrino-background interactions
arising directly from the four-point interactions in Eqs.
(4) and (5}. The other is higher-order terms in the expan-
sion of the W and Z propagators in Eq. (3). Most of these
terms are several orders of magnitude smaller than the
terms in Eq. (6) during the period of interest. However,
the electron-positron number-density difference
—(eLyoeL ) is a small quantity. Terms at order GF that
contribute as the sum of the electron-positron number
densities could therefore be significant. In fact, such
terms exist and give an additional contribution M, to the
matrix M, to be described in Sec. II B below. The numer-
ical analysis discussed in later sections incorporates
effects from these terms.
The effective Dirac equation governing the propaga-
tion of a left-handed neutrino follows directly from the
expression for H,z. The equation is nonlinear due to the
presence in H,z of quantities quadratic in the neutrino
fields. A complete analysis requires numerical methods.
However, it is more effective to reformulate the above
equations in terms of density variables. This is the sub-
ject of the next subsection.
—5 cos28 b, sin28
b, sin28 b, cos28 (7)
B. Reformulation
where
Mll M22 2& eL YOeL &+ & V,L YOV L & & vpLYOVpL &
and
M„2(v„Ly,v,L &, M—„2&v,Ly,v„L& . —(10)
where 6=m 2 —m & is the difference of squares of the vac-
uum masses, while 8 is the vacuum mixing angle between
the flavor basis and the mass-eigenstate basis. The back-
ground contribution Mb is given as
M)) M)2
0Mb=y M M21 22
Numerical calculations are more readily performed us-
ing number-density variables. Let v,'(t) and v'(t) denote
the flavor components of the neutrino field with energy
E, with similar expressions for the antineutrino field.
We rescale the fields by a volume-dependent factor so
that the expression vjtvj+VJ v„' is a constant indepen-
dent of time. Since only the excess number of electron
neutrinos is relevant for oscillations, we choose this con-
stant for convenience to be equal to the excess-neutrino
number XJ„(discussed in Sec. III below) at energy EJ in a
canonical comoving volume. A similar condition is taken
to hold for the antineutrino fields. In what follows, we
use the superscript j for neutrinos, k for antineutrinos,
and i for both.
The relevant density variables can be incorporated into
vectors v and w" for neutrinos and antineutrinos, re-
spectively'.
Note that spatial homogeneity implies that
(vLyovL ) =n, n, whe—re n„represents a time-
vL
dependent but spatially constant neutrino number densi-
ty. Similarly, the electron expectation is
These vectors play a role analogous to, the density matrices
V' and W" of Ref. [18].
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v 1—=(6tH —v„' vJ, 2Re(vj vj„),21m(v,' vJ )),
dv' dw"
=v JXBJ
dt "' dt (12)
The magnetic" fields B~ and 8 follow from the equa-
tions in the previous subsection. They are given by
BJ =
.
—V„„—(VCJ ++VcF )e),2E
k
2Ek
In these equations,
h=b(cos28, —sin28, 0)
(13)
and e, =(1,0,0). The quantities V are effective potentials
that arise from the presence of the background fields.
Defining the action of CP as interchanging neutrino
and antineutrino fields without sign change, it follows
from Sec. IIA that the background electrons and posi-
trons create CP-symmetric and CP-asymmetric poten-
tials. These are given by [20]
V' + = 2~2GFE'(p— +p +p ++p +)/Ms (14)
where p and p represent energy density and pressure, re-
spectively, and
V =V 2GF(n n+) . — (15)
The CP-symmetric potential (14) arises from the addition-
al order-GF contribution M, to the matrix M of Eq. (6),
as mentioned in the previous subsection. Note that
higher-order effects in GF arising from Z exchange are
omitted from Eq. (14), since they are approximately 2 or-
ders of magnitude smaller than V' + and hence are negli-
gible for the time period during which our simulations
are performed.
Similarly, the potential for the neutrino/antineutrino
self-interaction is given by
v'ZG,V„= ((v) —(w ) ),
a
(16)
w"—=(v, v, —v„v„",2Re(v, v„"),2Im(v," v„")).
Then, the neutrino-oscillation equations can be rewritten
in terms of v ~ in a form resembling the motion of a parti-
cle in a magnetic field. The same is true for the
antineutrino-oscillation equations in terms of w .
The new equations are [18]
~ dvj k dwvj =0, w ~ =0.
dt ' dt
Note also that Eqs. (15) and (16) are independent of
neutrino/antineutrino energy.
In the above equations, we use an asterisk on a vector
to indicate a change of si~n of the third component. It
follows that the vector w obeys the equation
dw'"
ekxBk (18)
dt W
where B"+= —(B )'.
The various vector contributions to Eqs. (13) are illus-
trated in Fig. 1. The four component-vector contribu-
tions to BJ, and the vector BJ itself, are shown (not to
scale). The reader should note our choice of orientation
of the 1-2-3 axes. A similar figure holds for the vectorB,but the vector V e& now points along the positive
1 axis and the nonlinear term V' is rejected in the 1 and
2 axes.
An intuitive understanding of the relative importance
of the various terms in Eq. (13) at different times in the
early Universe can be found as follows. Associated with
each term in the fields B is an effective oscillation time
defined as 2n. over the modulus of that term. We denote
these oscillation times as ~„„for the potential involvingb„r' + for the CP-symmetric potential, r for the
CP-asymmetric potential, and v„,for the self-interaction
potential. The latter is determined by nonlinear dynam-
ics, but it is always larger than the minimum length
r„,'"=2na /[v 2G~(( lvl &+ ( lwl & )]
where ( lvl ) =g lv Jl and ( lwl ) =gk lw "l. Note that
(lvl)/a and ((wl)/a represent the excess neutrino
and antineutrino number densities, respectively. Com-
parison of the values of these time scales provides a guide
to the dominant effects at any time. Note, in particular,
that H„and r' + are energy-dependent quantities.
Figure 2 shows all four time scales as a function of
time and temperature in the expanding Universe. We use(r„„)and (r +) to denote the values of r„'„nda8 +
averaged over the energy distributions of excess neutrinos
2
iIL
where (v) =g.v and (w) =dukw" represent the net
background values for the neutrino and antineutrino vec-
tors and a (t) has been selected as the canonical comov-
ing volume in our normalization conventions. The con-
servation of particle number in a comoving volume at
fixed energy is expressed in the reformulated equations as
—V
CP— j n,—V e
CP+
2E
~Related equations have recently been given in Ref. [19]. FIG. 1. Components of the vector B', .
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and antineutrinos. A smaller time scale corresponds to a
larger and hence more important potential. The inverse
Hubble constant 1/H is also shown. As a time scale
moves above the 1/H line, the corresponding term in
Eqs. (13) is expected to become unimportant. Note that
the CP-asymmetric potential V is relevant only for
temperatures above a few tenths of an MeV, and is small-
er than Vgp+ for all but the lowest energies E'.
The figure also displays separately the time scales for
electron- and muon-neutrino nonforward scattering,(r„f)and (r„"f),determined from Ref. [20]. The elec-
e
tron neutrinos interact with electrons somewhat more
than the muon neutrinos because of the extra contribu-
tion from charged currents. As a consequence, electron
neutrinos decouple slightly later than muon neutrinos, as
indicated in the figure. This means that electron neutri-
nos participate more in the reheating due to electron-
positron annihilation. The higher temperature results in
an excess of v, over v„.The associated scales rise above
the 1/H line during the neutrino-decoupling period, and
so nonforward scattering subsequently has little effect.
This should be contrasted with neutrino forward scatter-
ing off electrons, which is relevant until the (r +) line
crosses the 1/H line at an age of several seconds, and
neutrino forward scattering off neutrinos, which is
relevant until the v.
„
line crosses the 1/H line. The latter
time is determined by the nonlinear dynamics. Since for
v,„'"the crossing time is about a million years, the pres-
ence of nonlinear effects can mean neutrino forward
scattering off neutrinos is relevant long after the time it
becomes negligible in the purely linear case.
It is useful to examine the instantaneous fixed points of
Eqs. (12), i.e., subsets of the solution space for which the
right-hand sides of Eqs. (12) vanish at a given time. For
these points, v and w would remain constant in time,
were it not for the changes in neutrino/antineutrino ener-
gies and backgrounds arising from the expansion of the
Universe.
Consider first the simpler case where the nonlinear
term is absent and the background potentials are time in-
dependent. For a given neutrino energy, the mass matrix
M in Eq. (6) can then be diagonalized by a U(2) transfor-
mation from the flavor basis to the mass-eigenstate basis.
The resulting two mass eigenstates correspond to v J
aligned along and against BJ . These orientations evident-
ly generate fixed points since the cross product vanishes.
Analogous statements hold for the antineutrinos. Thus,
mass eigenstates correspond to fixed points of Eqs. (12)
and, once a neutrino is in a mass eigenstate, it remains so
thereafter.
When the nonlinear term is present the determination
of fixed points is more difBcult. At a fixed point, the vec-
tors v and w must satisfy
10
(19)
-6'
10
-8
10
I
~ I I
10
Age (sec)
I
~ I I ~ ~
100
FIG. 2. Relevant time scales. Key time scales are displayed
as a function of the age t of the Universe. The time scale (r„„)
is displayed for the cases 5=10, 10, and 1 eV2. For each
factor of 10 increase (or decrease) in b, the (r„„)line moves
down (or up) by one power of ten. The 1/H line is drawn with
width as a reminder that it acts as an order-of-magnitude esti-
mate of the time at which a scale becomes insignificant. After
the temperature of the Universe has dropped below T&, neutri-
no Aavor effects can no longer infiuence nucleosynthesis. The
average nonforward scattering time scales are plotted separately
for v, and v„for an average energy of E=3.151T. The averages(r +) and (r„„)are graphed for an average energy E=ST.
The arrow on the W'" line indicates that this quantity becomes
effectively infinite at times t (0.328 s, as a result of our step-
function approximation for the initial neutrino profile. The
hatches on the W'" line are a reminder that it provides a lower
bound for ~ „.
where the caret over a quantity denotes a unit vector.
However, diagonalization of the matrix M for particles of
any one energy changes the background for particles of
all other energies and hence can change the alignments of
all the other particle vectors. The nonlinearity means
that the existence and uniqueness of fixed points is un-
clear a priori. If 6, V' + and V are all nonzero, one
can argue that any fixed points are isolated by comparing
the numbers of equations and constraints. However, if
b, = V' + = V =0, the system has symmetries leading
to continuous families of fixed points. Since, in practice,
V can be much larger than the other potentials, there
must be continuous subsets of the solution space that lie
close to these families of fixed points. This leads to the
notion of approximate nonlinear mass-eigenstate
(ANME} configurations. In what follows, we call an
ANME configuration any configuration of vectors for
which Eqs. (19}are approximately valid. It follows that
for ANME configurations the time variations of v and
w are relatively slow. Note that, like the linear case, the
fixed points are not unique due to the possibility of flip-
ping the signs of v and w ".
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III. NUMERICAL ANALYSIS
In this section, we discuss some technical details of the
numerical analysis and present information about the
simulations performed.
We begin with a discussion of the numerical treatment
of the energy distributions of the excess neutrinos and an-
tineutrinos. The excess number-density distributionf„(E,T) as a function of energy E and temperature T,ve
incorporating the spectral distortion due to the neutrino
reheating by electron-position annihilation, is given by [3]
~n'„(T=1.5 MeV)~
(1 MeV) (22)
TABLE I. Initialization pro61e. This table displays the bin
number, the average energy in the bin, and the excess-neutrino
number density as determined at the temperature T=1.5 MeV.
The total excess is 4.84 X 10 neutrinos per MeV '.
Since the norms do not change with time, ~v'~
= (w '( =N,' for all times.
The physical v, and v, excesses are produced over a
f„(E,T}=(6X10 )— —3 (e ~T+1)v 4T 2~2
(20)
This distribution is shown in Fig. 3. Note that a negative
value for f„(E,T) implies an excess of v„.
e
For programming purposes, the continuous energy
variable is approximated by a finite number of bins. We
have experimented with both constant and variable
energy-bin spacing. A sample choice with 50 energy bins
and the corresponding values for the distribution at the
temperature 1.5 MeV is shown in Table I. The fourth
column is obtained using
n 1 =f„(EJ,T))LE~,Ve (21)
0.0010--
0.0009--
0.0008--
0.0007--
0.0006--
0.0005--
0.0004--
0.0003--
0.0002--
0.0001--
10
Energy (in MeVJ
15
FIG. 3. Neutrino-excess number-density distribution at
T=1.5 MeU. At later times, the distribution is the same shape
but is scaled.
where EJ is the average density in the bin and EEJ is the
width of the bin.
For definiteness, we choose the factor a(t} to be 1
MeV at the temperature 1.5 MeV. Extrinsic quantities
are scaled by the appropriate power of a (t}. The norms
of v J and w" are initially equal to the number of excess
neutrinos N' with energy E' in the comoving volume
a (t},i.e.,
v excess
Bin a
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
AE' (MeV)
0,0992
0.1555
0.2078
0.2572
0.3068
0.3565
0.4118
0.5914
0.8633
1.6483
2.6393
3.2695
3.7636
4.2595
4.7565
5.1262
5.3759
5.6257
5.8755
6.1002
6.3001
6.4500
6.5500
6.7000
6.8999
7.1247
7.3746
7.6245
7.8744
8.1243
8.3742
8.7462
9.2456
9.7451
10.2446
10.7442
11.2438
11.7435
12.2432
12.7429
13.4701
14.4682
15.4666
16.8591
19.3944
22.8374
25.3284
29.2997
33.2780
37.2611
n '„(MeV')
—1.4304X 10-'
-5.4916X10-'
-1.0797X 10-'
—1.9606X 10-'
-3.1671X10-'
-4.7113X 10-'
—8. 1638X 10
—7.8583 X 10
—1.9299X 10
—6.4468 X 10-'
8.4030X 10-'
1.0596X 10
1.5700X 10-'
2.0676X 10-'
2.5026X 10-'
1.3855 X10-'
1.4570X 10-'
1.5144X 10-'
1.5576X 10-'
1.2679X 10
1.2798X 10
6.4237X 10
6.4295X 10
1.2847X 10-'
1.2784X 10-'
1.5812X 10
1.5540X 10-'
1.5189X10-'
1.4769X 10-'
1.4293X 10-'
1.3771 X 10-'
2.5839X 10-'
2.3435X 10-'
2.0972X 10
1.8546X 10-'
1.6228X 10
1.4063 X 10
1.2081X10-'
1.0297 X 10-'
8.7125X10-'
1.3440 X 10-'
9.2789 X 10-'
6.2763X 10
6.8988X 10
4.0387X 10
4.3994X 10
2.2322X 10
2.8185X10-'
3.2936X 10
3.6257X 10
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period of approximately —,' s [2,3]. In the early stages of
the production few neutrinos are present, so the non-
linear potential in Eqs. (13) is negligible. These early pro-
duced neutrinos start in flavor eigenstates and then begin
to oscillate about mean values set by linear mass eigen-
states. The oscillation time scale is about 2 orders of
magnitude greater than the production time scale.
Therefore, neutrinos introduced into the system at
different times are out of phase. As more particles are
produced, the background grows. Provided that non-
linear effects from this background do not counteract the
decoherence, the final neutrino profile is likely to be an
ANME configuration.
For the present simulations, we have approximated the
continuous production process by an instantaneous one
occurring at a temperature of 1.5 MeV (t =0.328 s) in
ANME configurations. A useful method of constructing
these numerically is to begin with analytical mass eigen-
states found by setting the terms V, and V to zero
(motivation for this is given in Sec. IVD). An iterative
procedure with all four potential terms present then can
generate ANME configurations satisfying Eqs. (19) to
machine accuracy.
To check sensitivity to initial conditions, we have also
performed simulations with neutrinos initially in flavor
eigenstates. As is discussed in Sec. IV A below, the simu-
lations suggest that neutrino behavior is insensitive to ini-
tial conditions for 1 eV ~ b, and 5 & 10 eV . For other
values of b, , initialization in an ANME configuration pro-
vides a best guess. However, the reader should be aware
that numerical implementation of the physical produc-
tion mechanism could conceivably generate a different
effective initial configuration, such as an AN ME
configuration rotated slightly toward the flavor axis.
More explicitly, the values of the potentials V' + and
V were given according to Eqs. (14) and (15) and are
V'
2~ 2FE 4 dE(E —m, ) (4E —m, )
M 6m e
6X10 in Eq. (20) because the scale for neutrino self-
interactions is widely separated from the other scales (cf.
Fig. 2).
With N energy bins, Eqs. (12) become a set of 2N cou-
pled differential equations. Knowing the initialization
profiles, we can then integrate these equations numerical-
ly for each energy-bin vector. We used a fourth-order
Runge-Kutta method with a variable time step, selected
at each step to be several orders of magnitude smaller
than the smallest relevant oscillation time at that step.
The simulations were performed on an HP Apollo
Series 700 workstation. We studied a region of the
sin 26-6 plane given by 10 eV &5&10 eV and
—m/2 & 28 & +n/2 I. n p. articular, we focused on select-
ed values of sin 28, including a "medium" value of 0.25
and a "large" value of 0.81. Small values lead to little
flavor evolution and are therefore of lesser interest. For
the reader who may wish to examine unexplored areas of
the plane, the list of values we have studied are listed in
Table II.
Previous treatments of neutrino oscillations in the ear-
ly Universe neglect the terms Vcp+ and V„.Under this
assumption, a Mikheyev-Smirnov-Wolfenstein- (MSW-)
type conversion [21] for neutrinos (but not antineutrinos)
occurs for 6 around 10 eV . From Fig. 2, one sees that(w„„)and r cross at T-1 MeV, so the vacuum term
containing 6 partially cancels the potential V in Eqs.
(13). At earlier times V is larger so B~ points almost
along —e„while at later times the vacuum term dom-
inates and B„pointsalong h. This means B„undergoes a
large rotation. Provided the rotation is slow relative to
the neutrino-oscillation time scale, the neutrino vectors
can follow B~, resulting in a large flavor conversion [9].
Our test simulations using only V and the vacuum
term containing 6 verify that this occurs.
In contrast, with V + present only a small neutrino
flavor conversion occurs for 6 around 10 eV . The
vector BJ undergoes a much smaller rotation because at
earlier times it now points almost along +e, instead of
X(e '+1) (23)
and
Vcp 0'99 2 T~,
2g(3) (24) 5 (eV)
TABLE II. Runs performed.
sin'20
where m, is the electron mass, M~ is the W-boson mass,
and the g function is g(3) =1.20206. . . . The integral in
Eq. (23) arises from the combination of energy and pres-
sure densities in Eq. (14). In practice, we replaced the
full integral with a phenomenological approximation that
reproduced values of the integral to the necessary pre-
cision. In Eq. (24), the numerical factor of 0.9 represents
the percentage of baryons that are protons and hence
measures the net excess number of electrons in the
Universe. Also, g is the baryon-to-photon ratio, which
we took to be 4X 10 ' . The remaining factors merely
count the number of photons at the temperature T~.
Note that our discussions about neutrino behavior in this
paper should be relatively insensitive to numerical uncer-
tainties in parameters such as g or the coefficient
1.0X 10
1.0x10-"
1.0x10 "
1.0X 10
1.0x 10-"
5.0x 10-"
1.0x10-'
2.0x10 '
3.0x10-'
8.0X 10
1.0x10-'
1.0x10-'
1.0x10-'
1.0x10-'
1.0x10-'
1.0x10+'
0.25, 0.81
0.01, 0.25, 0.81
0.81
0.25, 0.81
0.25, 0.81
0.25
0.14, 0.18, 0.25, 0.81
0.04, 0.10, 0.14, 0.18, 0.25
0.14, 0.25
0.14
0.25, 0.81
0.25, 0.81
0.25, 0.81
0.25, 0.81
0.25, 0.81
0.25, 0.81
49 NONLINEAR NEUTRINO OSCILLATIONS IN THE EXPANDING. . . 1747
—et since f VJ + f ) f V f. However, for neutrinos with
energies less than about 20 times the average energy,
f
Vj + f ( f V f and a large Savor conversion can occur
at around T= 1 MeV if 6/2EJ is slightly smaller than the
difference f V f —f VJ + f, i.e., for b, -3X10 eV .
Since this low-energy MSS' conversion has the potential
to lead to interesting effects, we have carried out more
simulations in this parameter region; cf. Table II.
r
V 0. 4
Vacuum Behavior Leading to Decoherence
IV. RESULTS AND DISCUSSION
In this section, we present details of our results and
discuss some features we have identified. Section IVA
provides an overview of neutrino behavior in different re-
gions of the sin 28-6 plane. We have found that the os-
cillations obey certain properties, which are described in
Sec. IVB. The issues of CP asymmetry and its possible
consequences are considered in Sec. IV C. Finally, in Sec.
IV D we present an analytical approximation scheme for
calculating the neutrino and antineutrino density vectors.
A. Overview of neutrino behavior
For convenience in what follows, we identify four re-
gions of the sin 20-5 plane. They are
region 1 (Rl): 1 eV Sb;
region 2 (R2): 10 s eV2 & b, & 1 eV2;
region 3 (R3}: 10 eV Sb, $10 eV
region 4 (R4): 6 5 10 9 eV
In R1, the lepton gas is insufBciently dense to have an
appreciable effect. The vacuum terms in Eqs. (12) dom-
inate the potentials due to the background fields and so
the system behaves in a manner similar to the vacuum
case. Any ANME configurations are close to vacuum-
mass eigenstates. If the initial neutrino/antineutrino
configuration is in flavor eigenstates, then within a few
oscillation times decoherence appears and the average
vectors ( v ) and ( w ) effectively align themselves along
the direction 6 of vacuum-mass eigenstates. The point is
that the distribution of energies implies a distribution of
oscillation times, so even if the neutrinos begin in phase,
they soon decohere.
To be more specific, consider the intrinsic ratio
(25)
where
(fvf)=g fv'f=+NJ=N„
1 1
and N„is the total number of neutrinos in the comoving
volume. The presence of the denominator ensures that
the components of r„range between —1 and 1. It also
means that uncertainties arising from our approximations
and from imprecisely known parameters tend to cancel.
Initially, r„=(0.9985, 0, 0) rather than (1, 0, 0) due to the
small muon-neutrino excess at small energies. The
asymptotic value of r„is
-1
0 0. 2 0. 4 0. 6 0. 8 1 1.2 1.4 1.6 1.B 2
9(t-t ) x 10 (sec)0
FIG. 4. Vacuum behavior leading to decoherence. The ratios
r„are displayed as a function of time for 5=10 eV and
sin 28=0.81.
3The coherence is in flavor space. Quantum decoherence is au-
tomatic since the neutrino wave functions have random phases.
Note that any overall phase for a neutrino cancels in Eq. (11)
and does not affect the oscillations we consider.
r„=cos28(cos28,—sin28, 0) .
This is readily understood: r„points asymptotically
along h. The projection factor of cos28 is the same as
the dot product of the Savor direction (1, 0, 0) and h. It
appears because the vectors v J circle around h, and even-
tually spread into a cone due to the decoherence.
More generally, if the vectors vi initially all point in
one direction at an angle a with respect to LL, then
asymptotically
r„=cosa(cos28,—sin28, 0} .
If, instead, the initial vectors form an ANME
configuration, then asymptotically r„=(cos28,—sin28, 0)
because cosa = 1.
In analogy with Eq. (25), a ratio r„canbe defined for
the antineutrino vectors. In what follows, our figures do
not display r for the nonlinear case because it is indis-
tinguishable from r„atthe scales used. Also, we often do
not show r„3because it is close to zero.
Figure 4 displays r„for b, =10 eV and sin 28=0.81.
Decoherence is apparent after one "bounce. " The
asymptotic value of r„=(0.19, —0.39, 0) is achieved.
In R2, neutrino behavior is sensitive to initial condi-
tions. If the initial configuration represents flavor eigen-
states, then self maintained coh-erence f17] arises: a col-
lective mode of the system appears in which some frac-
tion of the particles oscillate in phase. An example of
this behavior is shown in Figs. 5 and 6, which display
components of the ratio r„versus time. Regular periodic
behavior occurs, as the neutrino vectors oscillate almost
in the 1-2 plane about the direction of the ANME
configuration. The neutrino vectors remain bunched to-
gether and move more or less as a single unit.
&748 V. ALAN KOSTELECKY AND STUART SAMUEL 49
Disappearance e of Self-Maintained Coherence
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and (18) one sees that eventually ( v ) begins to acquire a
negative third component, while (w ' ) acquires a posi-
tive one. The net result is a positive contribution to 83
[cf. Eqs. (13)]. When
(&U, & —&~; &)/(& lvl &+& lwl &)
becomes
0. 8
0. 6
I
0. 4
Comparison of Behaviors With and Without Nonlinear Term
1 vv
10 1/H '
( v) and ( w ' ) begin to rotate toward h. Thus, the non-
linear term is found to be responsible for the smooth
precocious rotation to vacuum-mass eigenstates.
In Figs. 13 and 14 the linear and nonlinear cases are
compared. As anticipated, in the linear case there is no
rotation to vacuum-mass eigenstates until the (~„„)lines
crosses the 1/H line, whereupon a "bounce" occurs. In
contrast, the nonlinear case exhibits evolutionary
behavior. Moreover, an examination of individual parti-
cle vectors reveals that particles with different energies
rotate together, as expected since the nonlinear potential
is energy independent.
In Fig. 15 we magnify the time near the crossover re-
gion and display the difference of ratios r„3—r . It isN 3
evident that a buildup of —10 in these quantities is
sufficient to make W„'"a relevant time scale (cf. Fig. 2),
and this is where r„&and r„2begin to change in Figs. 13
and 14.
Finally, we remark that in an area overlapping R3 and
R4 near 6=10 eV, both adiabaticity and the rotation
mechanism play a role in evolutionary behavior. Figures
16 and 17 display the situation for sin 28=0.81 and 0.25.
-0. 4
-0. 6
-0. 8
500 1000 1500
Age (sec)
2000 2500 3000
6 x 10
Rotation Mechanism by Imaginary Part of Off-Diagonal Term
4x10 '
3 x 10
r -r
v3 lv 3
2x10 '
1 x 10
—1x10
-2x10
-3x 10
—4 x 10
FIG. 14. Comparison of the linear and nonlinear cases. The
ratio r„2is shown as a function of time for 5=10 ' eV and
sin'2t9 =0.81.
B. Neutrino properties —5 x 10
100 150 250 300
In this subsection, we discuss several properties of neu-
trino and antineutrino evolution that appear to be generic
in the highly nonlinear regime, i.e., when (r„„)«r, '"
We have studied these properties at many points of the
sin 28-6 plane. However, to save space we display re-
Age (sec)
FIG. 15. The rotation mechanism. The difference of ratios
r„3 r +, is displayed as a function of time for 5= 10 ' eV
and sin 28=0.81. Note the magnification of the time scale rela-
tive to Fig. 14.
Comparison of Behaviors With and Without Nonlinear Term
Behavior for +=10 and sin (28)=0
'vl
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—1
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FIG. 13. Comparison of behaviors with and without the non-
linear term. The ratio r„lis shown as a function of time for
5=10 ' eV and sin 28=0.81.
FIG. 16. Evolutionary neutrino behavior. The ratios r„are
displayed as a function of time for 5= 10 eV and
sin220=0. 81.
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Behavior for d, =&0 and sin (po)=O. 25 (28)
where for a quantity Q' we define
r
v 0.4
(29)
suits here only for the representative values b, = 1010, 10, and 10 ' eV, and sjn228=0. 25 and 0.81.
Also, in the tables that follow we consider three charac-
teristic times during a run: an early point a; a point b in
the crossover region; and a point c later in the run. The
precise times are given in Table III for each of our
representative points in the sin 28-6 plane.
The first property we discuss is that particles maintain
themselves in ANME configurations after being initial-
ized therein. We call this the ANME property. The third
column of Table IV displays the average of the test quan-
tity
TABLE IV. Neutrino properties. This table examines some
properties of neutrino behavior: the ANME property via
t&NME, the related planar quantity via t~, and the alignment
property via t, .
sin228 Point tANME tp
0.25
0.81
12a
12b
12c
9a
9b
9c
6a
6b
6c
4a
4c
12a
12b
12c
9a
9b
9c
6a
6b
6c
4a
4c
0.999998
0.822 638
0.999472
0.969 034
0.944492
0.997 797
0.999991
0.999989
0.999986
0.999998
0.977019
0.999995
0.663 304
0.998 649
0.999949
0.995 491
0.994 276
0.999955
0.999947
0.999990
0.999998
1.000000
0.999999
0.999 513
0.999 752
0.999 647
0.984 594
0.997 985
0.999 996
0.999 991
0.999 997
1.000000
0.977 285
0.999 996
0.998 458
0.999299
0.999971
0.999 560
0.996034
0.999977
0.999976
0.999996
0.999998
1.000000
1.000000
0.999 891
0.999 637
0.999 974
0.994 719
0.999466
0.996 300
0.995 408
0.999979
0.999984
0.999 997
1.000000
0.999 782
0.998 652
0.999 920
0.981 697
0.996 304
0.981 655
0.981 630
0.999955
0.999 373
0.999 970
Age (sec)
FIG. 17. The ratios r, as a function of time for d =10 eV'
and sin 29=0.25.
where n ' is given in Eq. (21). If t~NME is close to one, the
particles are in an ANME configuration. By construc-
tion, this is initially the case. Fluctuations in the non-
linear background term V„„tend to cause t~NME to move
slowly away from one. Compare, for example, the value
of t~NME for sin 28=0.25 at points 4a and 4c. The latter
is reached after about 1000 oscillation times.
In R2, the particles start in ANME configurations that
are close to vacuum-mass eigenstates and remain close to
vacuum-mass eigenstates, provided no parametric effects
occur. In R3, particles start in ANME configurations
that are near Qavor eigenstates and rotate to ones that are
approximate vacuum-mass eigenstates. As discussed in
the previous subsection, this rotation is adiabatic. As a
consequence, the particle vectors can maintain alignment
with the effective magnetic fields. Hence, in R2 and R3 it
is unsurprising that neutrinos maintain themselves in
ANME configurations. We have explicitly checked that
for 10 eV & 5 & 1 eV the same property holds in the
linear case, as is also to be expected.
If the nonlinear term fails to dominate, so the system is
effectively linear, one might anticipate that nonadiabatic
rotation would cause vectors to deviate from an ANME
configuration and subsequently display other behavior,
such as self-maintained coherence. It is instructive to set
V„ to zero. In the linear case at 6=10 ' eV and
sin 28=0.81, t„NME is less than 0.5 at times after the
crossover region. At 5=10 eV and sin 28=0.81,
t~NME =0.86 beyond the crossover region, which is
closer to one because the rotation is closer to being adia-
batic. However, the nonlinear case displays robustness in
this regard. Although for small 5 the quantity t„NME
can be far from unity in the crossover region (cf. the
point 12b for sin 28=0.81), it returns close to one at
later times.
The reason for this is related to the rotation mecha-
nism discussed in the previous subsection. A significant
third component 83 of the effective magnetic field arises
in the crossover region due to the term (U3) —(w3 ).
This creates a mismatch between the particle vectors,
which lie almost in the 1-2 plane. To verify this state-
ment, we define a test based on the planar dot product:
t =
—,'((v~.B, )+(w~.B ~) ), (30)
where the subscript p indicates that only the first two
components of a vector are used. The fourth column in
Table IV displays t . It is indeed close to one in the
crossover region even for small A. After passing through
the crossover region, an ANME configuration reappears.
Most vectors tend to remain essentially in the 1-2
plane. We call this the planarity property. However,
there are some exceptions. For example, we have ob-
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C. CP and the suppression mechanism
In this subsection, we consider effects associated with
the CP asymmetry between the neutrino flavors. This is
of interest in its own right as well as for physical issues
such as nucleosynthesis or neutrino relic detection.
As a measure of CP asymmetry, we define the three
quantities
CP "&= I & U. & —& ~. & I r( & I v I & + & I w I & ), (32)
where a=1,2, 3 labels the three-vector components. The
quantity CP " is proportional to the density difference
served low-energy neutrinos undergoing MSW conver-
sion in runs with 6-10 eV . The values of r, 3 and r 3
were no bigger than a few times 10 and usually orders
of magnitude smaller.
The planarity property follows from the ANME prop-
erty because an ANME configuration lies close to the 1-2
plane. In R4, the planarity property is to be expected
since the behavior is adiabatic. In the linear case, planar-
ity is also a property of the behavior for 10 eV & b, be-
cause of adiabaticity. For smaller values of 6 in the
linear case, the transient oscillatory behavior appearing
near the crossover region produces sizable values of r„3
and r 3 for sin 28 sufficiently large. Eventually, decoher-
ence sets in and r„3and r„3become small. However, the
third components of individual vectors remain substan-
tial. In contrast, in the full theory with the nonlinear
term the average vector and most individual vectors lie
almost in the 1-2 plane.
With the exception of low-energy MSW conversions,
we have observed that individual vectors are also approx-
imately aligned. We refer to this as the alignment proper-
ty. This concept can be quantified in terms of the average
dot product of the individual unit vectors with the unit
average vector. We define the alignment test t, as
t, =—'gv' &v&+ pro" (w) 'j kA. A.
—=—((U) (v)+&u & &w&) .2 (31)
The fifth column of Table IV presents values of t, . These
are close to one.
The alignment property can also be explained via the
ANME property, since individual ANME configurations
for difFerent energy bins are for the most part aligned.
This may be contrasted with the linear case. Although
alignment holds for 10 eV 5 6, for smaller values of b,
the vectors spread after passing through the crossover re-
gion. For example, for 5=10 eV and sin 28=0.81,
t, becomes less than 0.5.
Unlike the ANME property, alignment is also a feature
of self-maintained coherence in the highly nonlinear re-
gime. Moreover, alignment holds between the individual
neutrino and antineutrino vectors v and w . However,
this is not true in the linear case in the crossover region
and beyond for 10 eV & 5 and sizable mixing angles.
CP Asymmetry Generated Without Nonlinear Term
0.6-
'U
0.4
1500
Age (sec)
FIG. 18. CP asymmetry in the linear case. The ratios r„&and
r„& are shown as a function of time for 5=10 ' eV and
sin 28=0.81.
between neutrinos and antineutrinos in the flavor basis.
When mixing occurs, CPz" has a related physical inter-
pretation since the neutrino-antineutrino density
difference in the mass-eigenstate basis is proportional to a
linear combination of CP, " and CP2'". It is an open
question as to how a sizable CP3'" could directly affect
experiment.
Relative to the linear case, we found that CP asym-
metry was suppressed in the full nonlinear system by
several orders of magnitude. For the linear case, runs
with 10 eV & 5 and sin 28=0.81 produced CP asym-
metry of the order of 10%. This substantial accumula-
tion arises throughout R4 because V is larger than
Vcp+ in the crossover region. Figure 18 demonstrates
that the CP asymmetry is generated in the crossover re-
gion. For b, =10 or 10 eV and sin 28=0.81, the CP
asymmetry was of the order of 1% in the linear case,
while for 6-10 eV2 it was less than 0.0001. For the
nonlinear case, the biggest CP asymmetry occurred in
CP3'". Although it became as big as a few percent in cer-
tain runs, it usually was much smaller. The smallness of
CP3'" is aided by the planarity property. In contrast,
CP &'" and CP& " were even smaller. Only for selected mo-
ments of a few runs did they approach 10 . Usually
they ranged from 10 to 10
Given the ANME property, we can explain the CP
suppression in CP " and CP2'" as follows. Consider first
the linear case. The biggest CP asymmetry occurs when
B Vcp e & points in a direction perpendicular to the
CP-conserving vector B+=6j2E —V +e, of the otherCP
two neutrino potentials. This situation is illustrated
schematically in Fig. 19(a), where the neutrino vectors
are grouped into an average vector for simplicity. In the
Since CP
&
" represents CP asymmetry in the neutrino-
antineutrino excess, the net CP asymmetry is smaller by about 2
orders of magnitude.
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IB I+I&„„l 2&26 I(v) I (33)
Then, the vectors B„=B++B +B, and B
= —B++B +B, point almost along B+. These two
vectors are not shown to avoid cluttering the figure. It
can be seen that CP", " and CP2'" are of order
=10
2&26F I & v & I
(34)
Allowing for the fact that CP suppression should be
somewhat larger than this for ANME configurations, this
agrees with what we observe numerically.
The above argument also holds if the CP asymmetry is
generated by only a few individual neutrino vectors. For
example, in runs with 6=10 eV low-energy neutrinos
are MSW rotated whereas antineutrinos remain
unaffected. The fraction of neutrinos with low-enough
energy for conversion is 3 X 10, so the MSW rotation
+2G & &v&
(a)
-B
VV
~2G a'(v)
QB,
~2G„a &w'&
FIG. 19. (a) Vector diagram for estimating CP asymmetry in
the linear case. (b) Vector diagram for estimating CP asym-
metry in the nonlinear case, under the assumption that particles
are in ANME con6gurations.
real case, B+ is energy dependent and the directions of
B„=B++8 and its analogue B + = —B++B vary
W
from bin to bin. Note also that &26F(v)/a and
&26+ ( w ' ) /a are not drawn to scale: these vectors are
about 10 times longer than B and at least 10 times
longer than B+. Their difference is the contribution to
the background field. Assuming that the particles are in
ANME configurations and using similar triangles, the
figure shows that the CP asymmetry should be of order
IB I/IB+I. This agrees in order of magnitude with the
CP asymmetry observed in our simulations of the linear
case.
When the nonlinear term is also included, the vectors
shown in Fig. 19(a) no longer form an ANME
configuration because B „=—V„„addsa significant con-
tribution to B, and B . In this situation, an ANME
configuration requires ( v ) and ( w ' ) to be approximate-
ly aligned. Figure 19(b) displays the configuration for the
nonlinear case. Then, it follows that
generates a B no larger than a factor of 3X10 of
2v'26FI(v) I/a . However, the neutrinos and antineu-
trinos vectors react to maintain ANME configurations
and so the observed CP asymmetry is much smaller.
This CP suppression mechanism does not directly ap-
ply to CP3'". However, it does apply to a similar-seeming
but different quantity
I &0, & —&w* & I/(& Ivl &+& Iwl &) .
Simulations show this quantity is indeed suppressed rela-
tive to CP3'". This provides additional support for our
explanation of the CP suppression. Moreover, our argu-
ment also provides a reason why the background ratio
&v& —&w'&I/(& lvl &+& lwl &)
tends to be small, usually ranging from 10 to 10 ex-
cept at times before the crossover region where it is even
smaller.
The reader should note that a larger CP asymmetry
might arise from parametric effects. Although this does
not appear in any of our present data, including those
over thousands of oscillation times, a relatively large CP
asymmetry could, in principle, accumulate over much
longer time scales.
The CP asymmetry we have seen is several orders of
magnitude smaller than that reported in Ref. [9] for6-10 eV where two dominant effects, V' + and V
„
were disregarded. Our results suggest that in the early
Universe a very small CP asymmetry is likely to be main-
tained through much of the critical period when neutri-
nos could affect nucleosynthesis. If true, CP-asymmetry
effects are minimal. The major effect arises from the
flavor-excess distortions, implying a shift in the He
abundance of b, Y- (1—2) X 10 [2,3,9].
Another consequence of the CP suppression is an in-
crease in the dimculty of detecting the relic neutrino
background. Assuming no unexpected parametric
effects, techniques dependent on forward scattering [22]
may be impractical.
D. Approximation scheme for particle vectors
Combining the ANME property with the argument for
CP suppression in the previous subsection demonstrates
that, to a good approximation, the component of B that
is not aligned along B+ cancels with the nonlinear term
V . This suggests that mass eigenstates determined sole-
ly from V' + and h. /2E', i.e., B+ in Fig. 19, should be
ANME configurations. It then follows that v~ and w *
should be well approximated by calculations involving
only these terms.
The energy dependence in V~ + implies the existence
of a different BJ+ for each neutrino vector. The same
holds for the analogous formulas for antineutrinos. The
evolutionary behavior implies v~ and w * should be ro-
tated onto 8'+ rather than projected. The only ambiguity
is whether the v~ and w'" point along or against B'+.
The natural choice is to minimize the vector rotation.
With this approach, we obtain an analytical approxima-
tion given by
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TABLE V. Comparison of approximation with simulation: average vectors.
sin228
0.25
0.81
Point
12a
12b
12c
9a
9b
9c
6a
6b
6c
4a
4c
12a
12b
12c
9a
9b
9c
6a
6b
6c
4a
4c
U& (simul. )
0.998 53
0.975 10
0.869 00
0.998 52
0.965 15
0.873 81
0.981 98
0.965 16
0.868 00
0.868 00
0.866 50
0.998 53
0.967 49
0.433 90
0.998 49
0.945 08
0.469 75
0.926 68
0.71405
0.443 78
0.473 77
0.443 40
U& (approx. )
0.998 53
0.969 78
0.864 96
0.998 53
0.965 58
0.875 12
0.981 98
0.965 15
0.867 89
0.868 04
0.865 95
0.998 53
0.943 93
0.435 25
0.998 54
0.948 29
0.47046
0.926 68
0.714 10
0 usa 10
0.473 77
0.443 40
v2 (simul. )
—0.000 50
—0.214 64
—0.491 19
—0.00446
—0.236 62
—0.482 80
—0.15993
—0.237 67
—0.493 58
—0.493 56
—0.496 19
—0.000 92
—0.246 34
—0.898 04
—0.008 10
—0.262 78
—0.877 67
—0.320 62
—0.671 58
—0.894 46
—0.878 27
—0.894 65
U2 (approx. )
—0.000 56
—0.218 51
—0.498 91
—0.004 28
—0.235 97
—0.480 58
—0.15993
—0.237 68
—0.493 76
—0.493 50
—0.497 18
—0.001 00
—0.275 35
—0.898 68
—0.007 74
—0.263 86
—0.880 63
—0.320 62
—0.671 69
—0.894 29
—0.878 27
—0.894 65
M ~
v '=w *'=+N', B'v +
Our approximation gives zero CP " and zero third
components vJ and w3 . It thereby implements extreme
versions of the planarity and CP-suppression properties.
Table V presents a comparison of results from the full
simulation with numerical values given by the approxi-
mation. The first two components of (v) are shown at
the canonical points in the sin 20-b, plane. Overall, there
is agreement to roughly three decimal places. The big-
gest difference occurs in the crossover region for small 6;
cf. point 12b, where about two decimal places are repro-
duced.
TABLE VI. Comparison of approximation with simulation: individual neutrino vectors.
Bin
2
4
6
8
10
12
14
16
18
20
22
24
26
28
30
32
34
36
38
40
42
46
48
50
v& (simul. )
0.00004
0.00004
0.000 25
0.005 66
—0.00402
0.76407
1.765 85
1.263 34
1.412 71
1.201 44
0.61421
1.23492
1.531 03
1.480 61
1.400 33
2.543 57
2.075 07
1.61081
1.201 72
0.867 80
0.925 49
0.688 70
0.043 95
0.002 82
0.00004
v& (approx. )
—0.00002
—0.00009
—0.00021
—0.003 56
—0.003 56
0.81068
1.776 35
1.262 70
1.411 15
1.20009
0.613 52
1.233 62
1.529 81
1.479 63
1.399 61
2.542 54
2.07446
1.61048
1.201 58
0.867 78
0.925 62
0.688 95
0.043 98
0.002 82
0.00004
v& (simul. )
—0.00003
—0.000 15
—0.000 25
—0.001 24
0.004 45
—0.720 32
—1.059 57
—0.565 39
—0.544 27
—0.404 85
—0.188 08
—0.35403
—0.394 30
—0.337 00
—0.283 22
—0.446 27
—0.293 51
—0.186 81
—0.11641
—0.071 62
—0.060 76
—0.036 18
—0.001 62
—0.00006
0.0
U2 (approx. )
0.00005
0.000 18
0.00042
0.007 01
0.005 37
—0.682 34
—1.058 10
—0.570 24
—0.549 54
—0.409 00
—0.19034
—0.358 65
—0.399 83
—0.343 18
—0.289 79
—0.460 57
—0.307 94
—0.19921
—0.125 64
—0.077 66
—0.064 89
—0.035 89
—0.001 26
—0.00005
0.0
u3 (simul. )
0.00002
—0.000 12
—0.000 31
—0.005 31
—0.002 36
—0.141 92
—0.184 68
—0.062 49
—0.036 96
—0.01078
0.001 23
0.009 49
0.025 59
0.036 10
0.042 08
0.087 81
0.078 39
0.061 07
0.043 71
0.029 59
0.027 72
0.017 83
0.001 17
0.00008
0.0
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TABLE VII. Comparisons of approximation with simulation: individual antineutrino vectors.
Bin
2
4
6
8
10
12
14
16
18
20
22
24
26
28
30
32
34
36
38
40
42
44
46
48
50
v& (simul. )
—0.00003
—0.00008
—0.000 20
—0.002 57
—0.001 98
0.764 30
1.767 19
1.265 70
1.415 16
1.203 11
0.614 85
1.235 95
1.532 03
1.481 11
1.400 51
2.543 31
2.074 34
1.61003
1.201 07
0.867 33
0.925 02
0.688 43
0.043 94
0.002 82
0.00004
v& (approx. )
—0.00002
—0.00009
—0.000 21
—0.003 56
—0.003 56
0.810 68
1.776 35
1.262 70
1.411 15
1.200 09
0.613 52
1.233 62
1.529 81
1.479 63
1.399 61
2.542 54
2.074 46
1.61048
1.201 58
0.867 78
0.925 62
0.688 95
0.043 98
0.002 82
0.00004
v& (simul. )
0.00004
0.000 18
0.000 42
0.007 38
0.00606
—0.720 53
—1.061 32
—0.561 45
—0.538 54
—0.399 99
—0.185 96
—0.350 31
—0.390 33
—0.334 95
—0.282 78
—0.449 42
—0.300 77
—0.195 24
—0.124 10
—0.077 76
—0.067 57
—0.040 52
—0.001 74
—0.000 06
0.0
v& (approx. )
0.00005
0.000 18
0.00042
0.007 01
0.005 37
—0.682 34
—1.058 10
—0.570 24
—0.549 54
—0.409 00
—0.19034
—0.358 65
—0.399 83
—0.343 18
—0.289 79
—0.460 57
—0.307 94
—0.19921
—0.125 64
—0.077 66
—0.064 89
—0.035 89
—0.001 26
—0.00005
0.0
v3 (simul. )
—0.00002
0.00003
0.00008
0.000 84
0.000 97
0.13961
0.160 19
0.048 75
0.025 51
0.003 89
—0.003 23
—0,012 70
—0.026 45
—0.034 52
—0.038 65
—0.079 02
—0.069 92
—0.054 93
—0.04004
—0.027 78
—0.027 45
—0.01901
—0.001 28
—0.00009
0.0
The approximation works best for large 6 at early
times, away from the crossover region. Tables VI and
VII contain the comparison for individual neutrino and
antineutrino vectors, respectively, for sin 28=0.81 at the
point 9b. To save space, only every other bin is shown
for a 50-bin division of the energy spectrum. Also, we
have not shown the approximation for UJ3 or w3" since
they are always zero. The true numbers are 10 times
the ones displayed. In most bins there is three-figure
agreement. The approximation is better for higher-
energy bins because V' + is relatively more important
than V there. This should be contrasted with the
lowest-energy vectors, for which even the sign is in-
correct. Point 9b was specially selected to illustrate this
effect. The low-energy neutrinos have undergone MSW
conversion and hence are pointing approximately in the
opposite direction to the others. Note that the corre-
sponding low-energy antineutrinos have not undergone
MSW conversion and so there is better agreement.
The observed behaviors of neutrinos and antineutrinos
depend on the values of sin 28 and A. The behavior
ranges from vacuumlike at relatively large values of 6 to
evolutionary or to oscillations exhibiting self-maintained
coherence. Several neutrino properties arising from the
nonlinear neutrino self-interactions can be identified, in-
cluding maintenance in ANME configurations, planarity,
and alignment. The nonlinear effects tend to suppress
any CP asymmetry relative to the linear case. We have
also presented an analytical approximation scheme for
particle densities.
In the absence of possible parametric effects such as
self-maintained coherence, the CP suppression mecha-
nism suggests that the effect of the Qavor excess on nu-
cleosynthesis is minimal. It also implies that the cosmic-
neutrino relic may be more difBcult to detect than expect-
ed. In contrast, if self-maintained coherence is realized in
nature one can speculate about more striking effects, in-
cluding consequences for dark matter and for the large-
scale structure of the Universe.
V. CONCLUSION
In this paper, we have derived equations governing
neutrino and antineutrino behaviors in the early Universe
and have presented results from numerica1 simulations.
The analysis incorporates the nonlinear effects of the
neutrino-antineutrino background as we11 as leading CP
symmetric and CP asymmetric terms arising from the in-
teractions with electrons and positrons.
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